In this paper, we define the Heisenberg Hom-Lie algebra. We determine the minimal dimension of faithful representation for Heisenberg Hom-Lie algebra.We study the adjoint representation, the trivial representation and the faithful representation of Heisenberg Hom-Lie algebra.
Introduction
Heisenberg Algebras are used in many fields in mathematics and physics. In classical mechanics the state of a particle at a given time t is determined by its position vector q ∈ R 3 and its momentum vector p ∈ R 3 . Heisenberg's crucial idea that lead to quantum mechanics was to take the components of these vectors to be operators on a Hilbert space H, satisfying the commutation relations [Q i , Q j ] = 0, [P i , P j ] = 0, [P i , Q j ] = −i ℏ δ i,j for i, j = 1, 2, 3. An algebra generated by 2n + 1 elements {P 1 , · · · , P n , Q 1 , · · · , Q n , ℏ} satisfying the relations above will be called a Heisenberg algebra and denoted ℏ(n). For more details, see [13, 8, 4, 10] . The paper is organized as follows. Section 1 reviews definitions and properties of Hom-Lie algebras. In section 2, we define λ-symplectic vector spaces. In section 3, we define Hom-Lie Heisenberg Algebras and we give a classification of Hom-Lie Heisenberg Algebras. In section 4, we recall the definition of α r -derivation of Hom-Lie algebras, we compute the set of α rderivation of Hom-Lie Heisenberg Algebras, we define the Hom-Lie algebra H(D) and the meta Heisenberg Hom algebra. Sections 5, 6 and 7 deal respectively the faithfull, trivial and adjoint representation. for all x, y, z ∈ G ( x,y,z denotes summation over the cyclic permutations on x, y, z).
Let (G, [·, ·], α) be a Hom-Lie algebra. A Hom-Lie algebra is called
• multiplicative if ∀x, y ∈ G we have α([x, y]) = [α(x), α(y)];
• regular if α is an automorphism;
• involutive if α is an involution, that is α 2 = id.
Let (G, A non abelian Hom-Lie algebra G is called simple if it has no non trivial ideals.
Given Hom-Lie algebras G and H , their direct sum G ⊕ H consists of the vector space direct sum with a bracket operation restricting to the original brackets on G and H and satisfying [G, H] = 0.
We define a Hom-Lie algebra G to be semisimple if it is the finite direct sum of simple Lie algebras G i : G = G 1 ⊕ G 2 ⊕ · · · ⊕ G n Define the lower central series of G as follows: let G 0 = G, G 1 = [G, G], . . . , G n = [G, G n ] . We say G is nilpotent if G n = {0} for some n. 
Cohomolgy of Hom-Lie algebras
First we recall the definition of the representation of multiplicative Hom-Lie algebras.
Definition 1.5. (see [12] ) Let (G, [·, ·], α) be a multiplicative Hom-Lie algebra, V be an arbitrary vector space, and β ∈ Gl(V ) be an arbitrary linear self-map on V . If a bilinear map
(1.8)
for all elements x, y ∈ G and v ∈ V.
such it is compatible with α and β in the sense
where f ∈ C k (G, V ), x 0 , ...., x k ∈ G and x i means that x i is omitted. For k = 0, for any a ∈ G, we take
• The k-cocycles space is defined as Z k (G, V ) = ker δ k .
• The k-coboundary space is defined as B k (G, V ) = Im δ k−1 .
• The k th cohomology space is the quotient
. It decomposes as well as even and odd k th cohomology spaces.
Symplectic vector spaces
Let V be a vector space over field K, and let w : V × V → K be a bilinear, skew-symmetric and non-degenerate form. A symplectic vector space (V, w) is a vector space with a bilinear, skew-symmetric, non degenerate form. Let (V, w) be a symplectic vector space. Then there is a basis (
The symplectic orthogonal complement of some subspace U ⊂ V is defined as
We say that U is isotropic if U ⊂ U ⊥ and Lagrangian if U = U ⊥ .
Proposition 2.1. Let U be a isotropic subspace of V . There exist a isotropic subspace W such that U ∩W = {0}, dim W = dim U and U ⊕W is symplectic.
A (2m) × (2m) matrix S with entries in the field K is said to be λ-symplectic if
where
Using the identities S t B S = λ B, by an explicit calculation, we obtain the matrix S is λ-symplectic if and only the three following conditions are satisfied:
for all x ∈ V and y ∈ V. 
Then a skew symmetric bilinear form B can be defined on H by
We get the following results. 
(all other brackets are zero).
(ii) The matrix of α with respect to the bases (x 1 . . . , x m , y 1 , . . . , y m , z) is of the form
Corollary 3.4. Any multiplicative Heisenberg Hom-Lie algebra is regular.
is a symplectic vector space, E is a lagrangian ideal on V and (H m , B) is a symplectic Hom-Lie algebra.
Proposition 3.6. Let (V, w) be a symplectic vector space and γ a λ-symplectic endomorphism of V. Let α be an endomorphism of V ⊕C defined by 
where P i ∈ M 2 (C) and det(P i ) = λ.
3.1 Heisenberg Hom-Lie algebras of dimension Three 
where ad − bc = λ. We obtain a family of Heisenberg Hom-Lie algebra
and the linear map α λ :
With ad − bc = λ, we can defined a three-dimensional Heisenberg Hom-Lie algebras.
Example 3.11. Consider the algebra of all operators on functions of one real variable. Let h denote the three dimensional space of operators spanned by identity operator, 1, the operator consisting of multiplication by x, and the operator
Define a skew-symmetric bilinear bracket operation
Define α ∈ gl(h) by
where ad − bc = λ.
With the above notations (h, [·, ·], α) is a Heisenberg Hom-Lie algebra. 
Classification of Heisenberg Hom-Lie algebras.
Let E be a vector space over field C, E * be its dual space. Let γ : E → E be an isomorphism. Let β : E * → E * , µ : E * → E and η : E * → C be linear transformations. Define a skew-symmetric bilinear bracket operation
Theorem 3.13. With the above notations :
is a Heisenberg Hom-Lie algebra if and only if
Then, if µ = 0 and β t γ = λI m . The extension of an abelian Hom-Lie algebra
define a Heisenberg Hom-Lie algebra. We call it the Hom-Lie algebra generated by E.
be Heisenberg Hom-Lie algebra. The matrix of restricted transformation α /I i ⊕Cz : I i ⊕ Cz → I i ⊕ Cz has the following forms
(ii) if λ = 1 and λ
) be Heisenberg multiplicative Hom-Lie algebra. The matrix of restricted transformation α /W (λ) : W (λ) → W (λ) has the following form
where 
Hence, by induction, we deduce that
Case 2. λ = 1 and λ 2 i = λ. We choose a basis (e 
We obtain λ i [e > . Then, the subspace V i is isotropic. Denote W i =< e r i +1 , · · · , e 2r i > and I i = V i ⊕ W i . We will prove by induction that, for all k ∈ {1, · · · , r i } we can write
We define a linear functional
We deduce
With the same method as in the previous case, we obtain
Conclusion: By the principle of induction, (3.8) is true for all k ∈ {1, · · · , r i }. Thus, with k = r i , we obtain W (λ i
The proof of (iii) , (iv) ,(v) is very similar to the proof of (i) and (ii) , We summarize the main facts in the theorem below.
be an Heisenberg Hom-Lie algebra over a field C such that α(E) = E . Then, it is equivalent to one and only one on the Heisenberg Hom-Lie algebra given by one of the following extensions
where 2.
where 3. 
Proposition 3.18. Let H be a finite dimensional Hom-Lie algebra with a 1-dimensional derived ideal. Suppose that [G, G] =< h >⊂ Z(G).
Then, there exists an abelian Hom-Lie sub-algebra a such that
Where H m λ is the Heisenberg Hom-Lie algebra defined in Corollary 3.15.
Oscillator Hom-algebra
The Oscillator algebra (see [5] ) H is spanned by {a n : n ∈ Z} ∪ { }, where is central and [a m , a n ] = mδ m+n,0 h. The oscillator algebra has a triangular decomposition H = n − ⊕ h ⊕ n + where
Ca k . 
Then, H = A ⊕ B is a oscillator algebra. Denote by
Let γ : n − → n − , β : n + → n + be two linear maps. Let α be a linear transformation from H into it self such that α(a −n ) = γ(a −n ) and α(a n ) = β(a n ), ∀n ∈ N * .
H is a Hom-oscillator algebra only if only γ is bijective,
and there exist λ ∈ C * such that α( ) = λ .
Derivation of Heisenberg Hom-Lie algebras
Let (H m λ , [·, ·], α) be Heisenberg Hom-Lie algebra generated by a vector space V . There is a basis of H m given by (
and the corresponding matrix is of form
where X m t Y m = λ I m . Let λ 1 , · · · , λ r be the distinct eigenvalues of X corresponding to the multiplicities m 1 , · · · , m r .
where the off-diagonal blocks V m and W m of M are symmetric.
Proof. With (1.5), we obtain
BD. Thus, by a matrix calculation, one obtains the equalities remaining.
In the following table, we give all Heisenberg Hom-Lie algebras algebras of dimension 3, we determine the space of the derivations, their dimensions:
The Hom-Lie algebra H(D)
In this subsection we will present some results similar to those contained in [11] . Given a α-derivation D of a Hom-Lie algebra G, we may consider the vector space G(D) = G ⊕ CD and endow it with the Hom-Lie algebra structure defined by
and γ D (x, aD) = (α(x), aD) for all x, y ∈ G, a, b ∈ C.(see [12] ). 
Where
The meta Heisenberg Hom algebra
Let I k , I * k be the linear transformations of H m λ by setting
is a Hom-Lie algebra which is a extension of abelian Hom-Lie algebra CI k ⊕ CI * k by the Heisenberg algebra H m λ . We call it meta Heisenberg Hom algebra generated by E (for the meta Heisenberg algebra see [3] ). (i) The meta Heisenberg Hom algebra generated by E can become a Homs-module satisfying a(e + f + xc + yI + zI * ) = ae + af ∀a ∈ s, e ∈ E, f ∈ E * , x, y, z ∈ C where af ∈ E * defined by af (α k (e)) = −α k (f )(ae) and s acts on m k (E) as derivation of m k (E).
(ii) There is a extension G of s by m k (E). The radical of G is m k (E). The nilpotent radical is H m λ .
The faithful representation for Heisenberg Hom-Lie algebra
The faithful representations of Lie superalgebras are studied in [7, 14] . In this section we define and study the faithful representation for Heisenberg Hom-Lie algebra.
is faithful if β is an isomorphism and the map
We suppose β is an isomorphim of V . Then ρ is a faithful representation if ρ(z) = 0.
The minimal faithful representation for Heisenberg Lie algebra
Let G be a Hom-Lie algebra and write
Let (v 1 , · · · , v m+2 ) be a basis for a vector space F . Consider the bilinear mapping
where the matrix Y m,m is given in (3.11).
Theorem 5.5. With the above notation, the linear mapping 
λ → F be the linear transformations respectively defined by 
Then, f is a 1-Hom-cochain if and only if the following conditions are satisfied : 
A straightforward calculation shows that and it satisfies one of the following conditions. (i) There exists i, j ∈ {1, · · · , m} such that f (x i , y i ) = f (x j , y j ).
The Adjoint representation of Heisenberg Hom-Lie algebras
Associated to the α r -hom-adjoint representation, the operator δ k :
by straightforward computations, we have
Associated to the representation ad r , we obtain the complex (C k (H 
Where a, b, c, d, e are parameters in C. Therefore dim
We denote m(ν) the multiplicity of a root ν of the characteristic polynomial χ of α ( if χ(ν) = 0 we write m(ν) = 0). The following tables gives the possibilities for dim 
